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Interval-regular graphs of diameter two are connected graphs in which any two non- 
adjacent vertices have exactly two common neighbours. This paper provides two simple 
constructions of such graphs involving geodetic graphs of diameter two. The interval-regular 
graphs so obtained are characterized via forbidden subgraphs. No cardinality restrictions are 
made. 
Introduction 
Geodetic graphs of diameter two have attracted much interest in recent years 
(for a survey, see Bosfik [2]). A common generalization of these graphs and the 
strongly regular graphs is the following concept: graphs in which every pair o1: 
non-adjacent vertices has exactly )t common neighbours. Then )t = 1 gives the 
geodetic ase. We study this class, subject o ~ = 2. In view of [3, 4] these graphs 
can be named 'interval-regular g aphs of diameter two', and we will henceforth 
use this expression. Since the class of geodetic graphs is already quite complex, 
one cannot expect simple descriptions of interval-regular g aphs of diameter 2. 
Therefore it seems to be reasonable to use geodetic graphs as building stones of 
interval-regular graphs, and see how far one can get this way. We have two 
constructions in mind: start off with a geodetic graph H of diameter 2, and then 
either (i) add a new vertex and make it adjacent o all vertices of H, or (ii) take 
two copies of H and add certain edges between both copies. Unfortunately, 
though not unexpectedly, not all interval-regular graphs of diameter 2 are 
obtained in this way, and this makes it necessary to characterize these particular 
ones. It turns out that one has to look at their induced circuits of length 5. The 
salient property of the interval-regular graphs in question is 'constant convex 
closure of induced 5-circuits'. More precisely, given any graph G from (i) or (ii) 
the least interval-regular subgraph of G containing an arbitrary induced 5-circuit 
of G is always the graph of Fig. 1 or Fig. 2, respectively. It is easy to translate this 
kind of condition into terms of forbidden induced subgraphs. Pertinent candidates 
can be found in Fig. 3 in Section 1. 
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The paper is organized as follows. After some necessary preliminaries we 
characterize in Sections 2 and 3 those interval-regular g aphs that are related to 
geodetic graphs of diameter 2 via the aforementioned constructions. Then Section 
4 combines both approaches. In Sections 5 and 6 we demonstrate that our results 
are in some sense the best possible. The few examples in Section 6 indicate that 
we have just scratched the surface of the class of interval-regular g aphs having 
diameter 2. 
With some minor exceptions we adopt the terminology and notations of Bondy 
and Murty [1]. Throughout this paper G is a (not necessarily finite) simple 
connected graph with vertex-set V, edge-set E, and distance function d. For any 
vertex u, the neighbourhood N(u) of u is the set of all neighbours of u (vertices 
adjacent to u), and N2(u) denotes the set of all vertices which are at distance two 
from u. For any two vertices u and v, the set 
I(u, r ) :=(w e V[ w lies on a shortest (u, v)-path} 
is the interval in G between u and v (for an extensive study of the interval 
function I, see [3]). In what follows we will not always distinguish between a 
subset W of V and the subgraph of G induced by W; it will be clear from the 
context what is meant. A subgraph of G induced by W is said to be convex if W 
contains I(u, v) for all u, v ~ W. The convex closure of a subgraph G'  of G is the 
smallest convex subgraph of G containing G' as a subgraph (that is, the intersec- 
tion of all convex subgraphs of G containing G'). In the sequel we only consider 
finite convex closures of finite subgraphs. 
A connected graph G is called interval-regular if
II(u, v) nN(u) l  = d(u, v) for all u, v e V. 
Interval-regular graphs have been introduced and studied in [3] and [4]. For a 
connected graph G, the largest distance in G (if it exists) is called the diameter of 
Fig. 1. The  S-wheel  K 1 + C 5. 
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Fig. 2. K2®C 5. 
G. A graph H is called geodetic if, for any two vertices u and v of H, there exists 
a unique shortest path in H between u and v. 
Next we recall some operations on graphs. Let G and H be two graphs. Then 
G × H denotes the (Cartesian) product of G and H. For example, K2 x K2 is just 
C4 (as usual, C, denotes a circuit of length n; a circuit is called a cycle in [1]). The 
graph G +H is obtained from the disjoint union of G and H by adding all 
possible edges between G and H. An example is the 5-wheel K1 + C5, see Fig. 1. 
The graph G ®H is obtained from G × H by adding some further edges: vertices 
(u, x) and (v, y) are adjacent whenever u and v are adjacent in G and x and y are 
adjacent in H. In Fig. 2 the graph K2®Cs is depicted. It is easily seen that, for 
any cardinals a,/3 >I 2, the product K~ x K a of complete graphs is interval-regular 
and has diameter 2. Furthermore, if H is a geodetic graph of diameter 2, then 
both KI+H and K2~H are interval-regular g aphs with diameter 2. 
Observe that a convex subgraph G'  of an interval-regular g aph G is interval- 
regular in its own right. For interval-regular graphs of diameter 2 induced 
5-circuits and their convex closures play a crucial r61e. Either graph of Figs. 1 and 
2 is the convex closure of any of its induced 5-circuits. More generally, we are 
interested in those interval-regular graphs of diameter 2 for which the convex 
closure of any induced 5-circuit is either the 5-wheel or 1(2®(?.5. These graphs 
can also be characterized in terms of forbidden (induced) subgraphs. One of these 
subgraphs is /(4 minus an edge (henceforth denoted by / (4 -e ) ;  others are the 
graphs of Fig. 3. Each of the graphs A2, A3, B3, B4 can be regarded as a 5-wheel 
A 2 A 3 B 3 B 4 
Fig. 3. 
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with some spokes missing: the index 2, 3, or 4 gives the number of spokes left, the 
letter A indicates that there are non-consecutive spokes missing, whereas the 
letter B indicates that there are only consecutive spokes missing (resp. present). 
In the subsequent proofs we use the following obvious facts without mention:/ f  
G is an interval-regular g aph of diameter 2, then 
(a) for every pair of non-adjacent vertices v and w, the interval I(v, w) is either 
Ka-e  or Ca; 
(b) every neighbourhood N(u) is a geodetic graph of diameter 2 provided that 
G contains no induced Ca; 
(c) if some neighbourhood N(u) is all of V -u ,  then G = Kt  + H, where H is a 
geodetic graph of diameter 2. 
In view of the preceding observations one expects that geodetic graphs of 
diameter 2 are the building stones of interval-regular g aphs without induced C4. 
2. The convex closure of any induced Cs is K1 + C5 
The smallest interval-regular graph containing an induced 5-circuit is the 
5-wheel. Now consider the class of interval-regular g aphs with diameter 2 for 
which every minimal interval-regular subgraph containing some inducexi Cs is a 
5-wheel. This class is nontrivial since it contains all graphs of the form K1 + H 
where H is a geodetic graph of diameter 2. On the other hand, all products 
K~ x K~ are interval-regular and do not contain an induced Ca, whence any 
condition involving induced 5-circuits is trivially satisfied here. Theorems 2, 7 and 
9 affirm that there are no interval-regular g aphs of diameter 2 with the property 
formulated in the title of this section other than /~ x K e and K1 + H. 
First some preliminary results are required. The following proposition is the key 
observation. The proof as given is fairly elaborate so that the reader becomes 
acquainted with the standard arguments used in this context. 
l~oposilion 1. Let G be an interval-regular graph of diameter 2. I[ G does not 
contain A2 or A3 as an induced subgraph, then either G =/~ ×K B for some 
cardinals a, [3 ~ 2, or all neighbourhoods N(u) in G are connected. 
ProoL Suppose that there exists a vertex u whose neighbourhood N(u) is 
disconnected. Then we have to prove that G=/~ xKa, for some cardinals 
a , /3~2.  To this end three facts are established: (i) N(u) has exactly two 
components X and Y; (ii) the components X and Y of N(u) are cliques (see Steps 
1-4 below); and (iii) (3 is the Cartesian product of the subgraphs induced by 
XLI{u} and YU{u} (see Steps 5, 6 and the Conclusion). 
First we show that N(u) has exactly two components. Assume the contrary, and 
let x, y and z be three neighbours of u belonging to di~erent components of 
N(u). Then any two out of the three vertices x, y and z have a common 
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neighbour in N2(u). Let p be the common neighbour of x and y in N2(u), q that 
of x and z, and r that of y and z. Note that p, q and r are distinct and have no 
neighbours in N(u) other than x, y and z, as indicated in Fig. 4. Moreover,  p, q 
and r are mutual ly non-adjacent;  for if, say, p and q are adjacent,  then the 
vertices p, y, u, z, q and x induce an A3 in G. Now p and q, being non-adjacent 
vertices, must have a second common neighbour s~: x. Then s is distinct from y 
and z, and hence belongs to N2(u), see Fig. 4. At  most one out of x, y and z can 
be adjacent o s became otherwise we were in trouble with one of the intervals 
l(x, y), I(x, z) and I(y, z). Therefore s has a neighbour t in N(u)  different from 
x, y and z, see Fig. 4. Clearly t cannot be adjacent o 19, q or r (because 19, q and r 
have already two neighbours in N(u)). 
If s is not adjacent o x, then t must be adjacent o x, for otherwise the 5-circuit 
s --~ t ~ u ~ x ~ p ~ s together  with the vertex q would induce an A2. But now 
s and x have p, q and t as common neighbours, which is forbidden. Hence  s and x 
are adjacent, and thus s is not adjacent o y or z. 
Since y and z are in different components of N(u), the vertex t cannot be 
adjacent o both y and z, say, not to y. Then the 5-circuit u --~ y ---> p --~ s ~ t ~ u 
plus x induces an A3 unless t and x are adjacent. Then,  as x and y are in different 
components of N(u), the second common neighbour w ~ u of t and y must be in 
N2(u), see Fig. 5. Now, t and p have s and x as common neighbours, so w is not 
adjacent o p. Hence the 5-circuit u ~ y ~ p ~ s --~ t --~ u plus w induces either 
A2 or A3. Thus, finally, we have a contradiction. Therefore N(u), which was 
assumed to be disconnected, consists of exactly two components. 
Let  X and I /be  the two components of N(u). We wish to show that X and Y 
are cliques, and that G is the Cartesian product of the subgraphs of G induced by 
X O{u} and I /U  {u}, respectively. We prove this in a number of steps. 
Step i. For each pair of vertices x and y, with x in X and y in Y, there exists a 
unique vertex p~ in N2(u) adjacent to both x and y, and not adjacent to any 
other vertex in N(u). Indeed, as x and y are in different components of N(u) their 
second common neighbour belongs to N2(u). Obviously, for distinct pairs x, y and 
x', y', with x, x' ~ X, and y, y'  E Y, the vertices p~ and Px'y' are distinct. 
u 
r 
- - -  N2(u  ) - - -  
z __ . . (u )  
W 
U 
Fig. 4. Fig. 5. 
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Step 2. Consider an edge yz in Y (if there is any- - that  is, I Y I>  1). Then 
x ---* p~ --~ y ---> z ~ p= ~ x is a 5-circuit for any x ~ X. Since the subgraph of G 
induced by this 5-circuit together with u contains A3, it follows that Px~ and p= 
must be adjacent. So, loosely speaking, every edge in N(u) is l ifted to N2(u). 
Step 3. Suppose that P~v and P~z are adjacent, for some x ~X and y, z ~ Y. 
Then the subgraph induced by the 5-circuit u ---> y --> p~ ---> p= ~ z ~ u together 
with x contains A3. The only possible extra edge in this subgraph is yz, whence y 
and z must be adjacent. So, every edge in Na(u) between vertices of the form p~ 
is matched to an edge in one of the components X and Y of N(u). 
Step 4. Next  we prove that X and Y are cliques. Well, assume that, say, Y is 
not a clique. Then there exist two non-adjacent vertices y and z in Y having a 
common neighbour w in Y. Pick any vertex x in X. By the two previous steps, we 
know that u, x, Y, w, z, p~, P,w and Pxz induce the graph of Fig. 6. Then p~ and z 
must have a common neighbour q in N2(u). Note  that q is adjacent o neither 
y, w, nor p~:  for otherwise, either I(y, z), l (p~,  w), or I(p,~, z) would violate 
interval-regularity. Hence the 5-circuit y ---> w ~ z --~ q ---> p~ ---> y and p~ induce 
an A2, which is impossible. Therefore X and Y are c l iques--that is, N(u) is the 
disjoint union of two complete graphs. 
Step 5. Suppose that there are adjacent vertices q and r in N2(u) without any 
common neighbour in N(u). Let  x and x' be the neighbours of q in N(u), and y 
and y' that of r in N(u). Now x cannot be adjacent o both y and y', since r and x 
have already q as common neighbour. Say x is not adjacent o y. Then x ---> q---, 
r ~ y ~ u ~ x is an induced (25 in (3. Since A2 does not occur in (3, it follows 
that x and x' are adjacent. Similarly, y and y' must be adjacent. Hence x and x' 
are in one clique of N(u), say X, and y and y' are in the other clique Y. 
Since u, x, q, r, y induce a (25 in (3, and we cannot have A2 or As  induced in (3, 
it follows that the vertex p~ is adjacent o both q and r. Similarly, the vertex p~, 
is adjacent o both q and r. But  now the non-adjacent vertices x and r have the 
three distinct vertices q, p~, P~v' as common neighbours, which is forbidden. 
Thus, we have proved that the two vertices incident with any edge in N2(u) 
have a common neighbour in N(u). 
X 
Pxy Pxw Pxz 
- - -  N2(u ) 
z N(u) 
Fig. 6. 
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Step 6. Finally, we show that each vertex in N2(u) is some p~. For, assume that 
there is a vertex q in N2(u) having two neighbours y and z in the same 
component of N(u), say in Y. Pick any vertex x in X. Since x is not adjacent o y 
or z, the common neighbours of x and q are in N2(u). By the previous step, we 
know that these neighbours must be adjacent o y or z. That is, the common 
neighbours of x and q are just p~ and p=. Since y and z are adjacent, so are p~ 
and l~z (by Step 2). Now p~ and z have at least three distinct common 
neighbours, namely y, q and lZ, z, which is in conflict with interval-regularity. 
Hence all vertices in N2(u) are of the fo rm/~,  for some x in X and y in Y. 
Conclusion. Recall that X and Y" are disjoint cliques. Moreover, p~ and Px'¢ 
(two arbitrary vertices in N2(u)) are adjacent if and only if either x = x', or y = y'. 
Hence the Cartesian product of the two subgraphs of (3 induced by XLI{u} and 
Y t0 {u}, respectively, is isomorphic to (3. This completes the proof. [3 
With the preceding proposition in hand, it is easy to give a characterization of
the interval-regular g raphs /~ × K B in terms of forbidden induced subgraphs. 
Theorem 2. Let G be an interval-regular graph of diameter 2. Then the following 
conditions are equivalent: 
(i) O = K~ x Ka for some cardinals et, [3 >I 2. 
(ii) G does not contain C5 or K4-e  as an induced subgraph. 
(iii) G does not contain A 2 or K 4 -e  as an induced subgraph. 
Proof. The verifications that (i) implies (ii) and (ii) implies (iii) are straightfor- 
ward, and are left to the reader. 
Let us prove that (iii) implies (i). First suppose that G contains some induced 
A3. ~ Then there are three pairs of non-adjacent vertices on the 5-circuit C 
contained in this A3 that require a second common neighbour x in G. Since A2 
and Ka-e  are forbidden, C plus any such vertex x must induce again an As. 
Hence each x serves two pairs of non-adjacent vertices on C, a contradiction. 
Therefore A2 and As are not induced subgraphs of G. Since G has diameter 2, 
we may choose two non-adjacent vertices u and w of 13. Assume that N(u) is 
connected. Since / (4 -e  does not occur in G, the two common neighbours of u 
and w are not adjacent. Hence N(u) is a noncomplete connected graph, and so 
we can find an induc~ path P of length 2. Then P and u induce a K4-e  in G, 
which is impossible. Therefore N(u) is disconnected, and in view of Proposition 1 
we are done. [ ]  
Notice that it is also possible to derive Theorem 2 from [4, Theorem 9]. For, 
suppose that an interval-regular graph G of diameter 2 without K4-e  does not 
satisfy the additional requirement of [4, Theorem 9], that is: there exists a vertex 
v of G and an edge uw in N2(v) such that u and w have no common neighbour in 
N(v). Then as is easily seen I(u, v)OI(v, w) contains an induced Cs. This 
provides a proof of the above implication (ii)::~ (i). 
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Before we proceed to the main theorem of this section we prove some auxiliary 
results, which are also needed in the next section. The first lemma concerns 
geodetic graphs of diameter 2 with a cut vertex (cf. [2, 5]). For the sake of 
completeness we add a proof to it. 
Lemma 3. Let H be a geodetic graph of diameter 2. Then the following conditions 
are equivalent: 
(i) H consists of a set of complete graphs, all attached at a single vertex. 
(ii) There exists a complete subgraph K of H such that every vertex not in K is 
adjacent o some vertex in K. 
(iii) H does not contain an induced (75. 
Proof. Trivially, (i) implies (ii). Now assume that (ii) holds, and H contains ome 
induced 5-circuit C. It is easy to see that  C and K are disjoint. But then we are 
still in trouble because we cannot have an induced K4-e  or (74 in a geodetic 
graph. 
Finally, we show that (fii) implies (i). Suppose that H contains no induced C5. 
We prove that every block (maximal 2-connected subgraph) of /4 is complete. 
Assume the contrary, and let u and v be non-adjacent vertices in some block of 
/4. Then u and v lie on some circuit C of minimal ength. Note that, s ince /4  is 
geodetic, the length of C is at least 5. By minimality, C is induced and contains 
the common neighbour w of u and v. Let  x be the neighbour of u on C different 
from w. Then x cannot be adjacent to v, and hence d(v, x)=2.  Since C is 
induced, the common neighbour y of x and v is distinct from w. Now the vertices 
u, x, y, v, w induce a C5, contradicting the hypothesis. Therefore every block of H 
is a complete graph, whence H is of the required foi-ix~. [ ]  
Lemmm 4. Let G be an interval-regular graph of diameter 2. If  B4 is not an 
induced subgraph of G, then every component of any neighbourhood N(u) is a 
geodetic graph of diameter at most 2. 
Proof.  If some component X of N(u)  has diameter greater than 2, then it 
contains an induced path P of length 3. Now the end vertices of P must have a 
common neighbour v in N2(u). Consequently,  the path P together with u and v 
induce a B4, which is forbidden. Therefore the diameter of the component X is at 
most 2. This implies that any two non-adjacent  vertices in X have exactly one 
common neighbour in X, and so X is geodetic. []  
l.~mmm 5. Let G be an interval-regular graph of diameter 2 without an induced 
134. If  every neighbourhood N(u) is connected, then G does not contain any induced 
c,. 
Proof.  Let x and y be two vertices of G at distance 2. If u is one common 
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neighbour of x and y, then, by the previous lemma, N(u) has diameter 2, whence 
N(u) contains the second common neighbour v of x and y. Then u, v, x and y 
induce / (4 -e .  Therefore G does not contain an induced C4. []  
Lomma 6. Let G be an interval-regular graph of diameter 2. If there are adjacent 
vertices u and v of G with N(u) -v  ~N(v) -u ,  then v is adjacent o all other 
vertices of G. 
Proof.  Assume the contrary--that is, N2(v)~ ~i. Note that, since N2(v) is con- 
tained in N2(u), all vertices in N2(v) have their two common neighbours with v in 
N(u) ON(v). Let p be a vertex in N2(v), and let x and y be its neighbours in 
N(u) ON(v). Pick any vertex q in N(v)\(N(u)t.J u). Then, as a vertex in N2(V ) 
cannot have neighbours in N(v)\(N(u) O u), the vertices p and q are not adjacent, 
and moreover, their common neighbours belong to N(u)ON(v)--that is, they 
must be x and y. But now u and q have x,y and v as distinct common 
neighbours, which is absurd. [] 
Now we have collected the essential arguments used in the proof of Theorem 7. 
This result characterizes the interval-regttlar graphs of diameter 2 in which the 
convex closure of any induced C5 is the smallest possible, viz. the 5-wheel. 
Amongst these graphs are worth mentioning those that do not contain any 
induced 5-circuit at all. This special instance of Theorem 7 is then stated 
separately as Theorem 9. 
Theorem 7. Let G be an interval-regular graph of diameter 2. Then the following 
conditions are equivalent: 
(i) G is either K~ × K B, for some cardinals a, [3 >t 2, or K1 + H, where H is a 
geodetic graph of diameter 2. 
(ii) The convex closure of any induced Cs in G is the 5-wheel K1 + C5. 
(iii) G does not contain A2, Aa or B3 as an induced subgraph. 
Proot.  Obviously, (i) implies (ii), and (ii) implies Ctii). It remains to verify that Ctii) 
implies (i). 
From Proposition I we infer that either G is some K~ x Ka, or all neighbour- 
hoods in G are connected. So, let us assume that the latter holds. First observe 
that G does not contain an induced B 4. This is seen by a trivial counting 
argument: for any induced 5-circuit C, the number of pairs of non-adjacent 
vertices on C having a specified vertex x as common neighbour outside C equals 
zero, 5, or 3 (if B4 occurs). Hence there cannot be an induced B4 in G by 
interval-regularity (for 3+3~5) .  We can therefore apply I .emma 5, which 
guarantees that there is no induced C4 in G. Now, let u and v be vertices at 
distance 2 in G. Then their two common neighbours x and y are adjacent. The 
neighbourhood of u was assumed to be connected, whence, by Lemma 4, it is a 
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geodetic graph of diameter at most 2. Suppose by way of contradiction that there 
is a vertex z in N(u) not adjacent to x or y (that is, N(u) does not satisfy 
condition (ii) of Lemma 3 with respect o the clique {x, y}). Then both common 
neighbours of z and v are in N2(u). Let p be one of them. Since C4 does not 
occur in G, the vertex p is not adjacent to either x or y. Thus, the vertices 
u, z, iv, v, x and y induce a B 3 in G, contrary  to (iii). Therefore all vertices in the 
geodetic graph N(u) of diameter at most 2 are adjacent o x or y, whence, by 
Lemma 3, the subgraph N(u) has a cut vertex (which is adjacent to all other 
vertices in N(u)). Clearly, this vertex is either x or y, say, the former. Then as v is 
adjacent o x but not to u we obtain 
N(u) - x ~ N(x) -  u. 
By Lemma 6, we conclude that x is adjacent o all other vertices. So G is K~ + H, 
where H is the geodetic graph of diameter 2 induced by N(x). This completes the 
proof. []  
Corollm3' 8. Let G be an interval-regular graph of diameter 2. Then G = K~ + H, 
for some geodetic graph H of diameter 2, if and only if G does not contain C4 or Ba 
as an induced subgraph. 
Theorem 9. Let G be an interval-regular graph of diameter 2 without any induced 
C5. Then either G does not contain K4-e  as an induced subgraph, and conse- 
quently, G = I~  x Ko for some cardinals a, [3 >t 2, or G does not contain C4 as an 
induced subgraph, and consequently, G consists of a set of complete graphs, all 
attached at a single edge. 
Proot.  If G contains no induced K4-e ,  then, by Theorem 7, it is some K~ × K0. 
Otherwise, again by Theorem 7, we have G = KI+H,  where H is a geodetic 
graph of diameter 2. In particular, G cannot contain an induced C4. Certainly 
there is no induced C5 in H. Therefore, by /_,emma 3, H consists of a set of 
complete graphs, all attached at a single vertex. This completes the proof. [] 
So far, we have thoroughly studied two compositions leading to interval-regular 
graphs, viz. K~ × K B and K1 + H. The other composition involving geodetic graphs 
H of diameter 2, viz. Kz®H,  comes next. 
3. The convex eiosmre of any induced Cs is Kz® Cs 
Let H be a geodetic graph of diameter 2 with a cut vertex x. Then the graph 
G = K2®H consists of a set of complete graphs, all attached at a single edge. 
Thus G can be regarded as K1 +N(x). If, however, H is a geodetic block of 
diameter 2, then the interval-regular g aph G = K2®H contains K2®C5 (see Fig. 
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2), and hence cannot be obtained by the construction in the previous section. In 
Theorem 11 these graphs K2®H are characterized. First we prove a basic lemma. 
Lemma 10. Let G be an interval-regular g aph of diameter 2 without any induced 
C4. If there exist adjacent vertices u and v of G with N(u) -  v = N(v) - u, then either 
G = K2®H, for some geodetic block H of diameter 2, or G consists of a set of 
complete graphs, all attached at a single edge. 
Proof° Def ine a relation ¢r on the vertex-set V by 
x-try if and only if either x = y, or xy ~ E and N(x) -y  = N(y) -x .  
It is readily checked that ~r is an equivalence relation on V, and that each class of 
¢r is a clique. Note that if x-try, then N(x)AN(y)  induces a disjoint union of 
complete graphs. Indeed, otherwise there would be an induced path p ~ q --~ r of 
length 2 in some component of N(x) n N(y),  and then the non-adjacent vertices p 
and r would have at least three distinct common neighbours, viz. x, y and q. By 
definition, u and v are in the same class of or. We consider two cases. 
Case 1. ~r has a class of size at least 3. 
Without  loss of general ity we may assume that u, v and w are three distinct 
vertices in the same class of It. Then N(u)ON(v)ON(w)  necessarily induces a 
complete graph. Hence, since G has diameter 2, there exists a vertex p of G not 
adjacent o either u or v or w. Let  x and y be the common neighbours of p and u 
(and, of course, also of p and v, as well as of p and w). Then x and y are adjacent, 
and we have 
p~N(u) -x_~N(x) -u  and p~N(u) -y~N(y) -u .  
So, by Lemma 6, both x and y are adjacent to all other vertices of G. Then, 
trivially, we have x,try. Hence V -{x ,  y} is the disjoint union of complete graphs, 
and thus (3 consists of a set of complete graphs, all attached at the single edge xy. 
Case 2. Al l  classes of ~r have size at most 2. 
Note that  there is at least one class of size exactly 2, namely that consisting of u 
and v. 
First, if there is a class of size 2, say, consisting of x and y such that x and y are 
adjacent o all other vertices, then, as in the previous case, G consists of a set of 
complete graphs, all attached at the single edge xy, and we are done. So let us 
assume that ¢r has no class of size 2, the vertices of which are adjacent o all other 
vertices. 
Let p be a vertex not adjacent o u or v, and let x and y be the neighbours of p 
in N(u)n  N(v). Observe that x and y are adjacent. We want to prove that x,a-y. 
Assume the contrary, and let q be a neighbour, say, of y not adjacent o x. Since 
N(u) n N(v) consists of disjoint cliques, the vertex q cannot be adjacent o u (or 
v). Hence q is in N2(u)'-N2(I.~). The second neighbour z of q in N(u)nN(v)  
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must be adjacent to y (for, otherwise we would have an induced C4), and hence z 
is in the same clique of N(u)ON(v) as x and y. Now y and z are common 
neighbours of the non-adjacent vertices x and q. Therefore p cannot be adjacent 
to q, whence p and q have their second common neighbour (besides y) in 
N2(u) = Nz(v). Since C4 does not occur in (3, r and y must be adjacent. Now, since 
the non-adjacent vertices x and q have already y and z as common eighbours, it 
follows that r is not adjacent to x. Now repeat he same argument with r instead 
of q. This shows that r cannot be adjacent o p, giving a contradiction. We 
conclude that if two distinct vertices x and y in N(u)AN(v) have a common 
neighbour in N2(u), then x and y form a class of ~r. 
Next we prove that N(u)AN(v) consists of classes of ar of size exactly 2. 
Assume the contrary--that is, by the preceding argument, assume that there is a 
vertex z in N(u) n N(v) having no neighbour in N2(u). As above, let p be a vertex 
in N2(u) having x and y as neighbours in N(u)n N(v). Then z is not adjacent to 
p, and its common neighbours with p lie in N(u)n N(v), whence these must be x 
and y. Thus z is in the same clique of N(u)AN(v) as x and y. Hence we get 
p6N(z ) -x~N(x) -z  and pq~N(z)-y~N(y)-z .  
Therefore, by Lemma 6, x and y have to be adjacent o all other vertices. This 
contradicts the previous hypothesis that each class of size 2 has a vertex at 
distance 2. Consequently, every vertex in N(u)AN(v) has some neighbour in 
N2(u), and so is in a class of ar of size 2 together with another vertex in 
N(u)nN(v). 
Now, let p be any vertex in N2(u)= N2(v), and let x and y be its neighbours in 
N(u) AN(v).  Then we know that {x, y} is a class of It. Applying the preceding 
arguments on x and y instead of u and v, we may conclude that p is also 
contained in a w-class of size 2. Hence we have established that all at-classes have 
size 2mthat is, they form a complete matching in G. 
Finally, let W be a subset of V containing exactly one vertex from each class of 
or. We will show that W induces a geodetic graph H in G of diameter 2. It is not 
difficult to see that H has the same diameter as G, viz. 2. Let p and q be two 
non-adjacent vertices in H, and let s and t be their common neighbours in G. 
Then s and t are adjacent (because C4 is forbidden in G), and neither vertex can 
belong to the same 7r-class as p or q. Since s and t are the only common 
neighbours of p and q it follows that s and t constitute a class of ~r. Then exactly 
one of s and t is in W, whence in H there is a unique path of length 2 between p
and q. Therefore H is a geodetic graph (in fact, a geodetic block) of diameter 2. It 
is easily verified that G is isomorphic to K2®H. [] 
The preceding lernma and also Proposition 1 and all lemmas from Section 2 are 
used to establish the main result of this section. 
Tlheorem 11, Let G be an interval-regular g aph of diameter 2 having an induced 
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C5. Then the following conditions are equivalent:. 
(i) G = K2®H for some geodetic block H of diameter 2. 
(ii) The convex closure of any induced C5 in G is 1(2®(?.5. 
Cfii) G does not contain A2, B4, or the 5-wheel as an induced subgraph. 
(iv) G does not contain C4 or the 5-wheel as an induced subgraph. 
Proof. (i) ~ (ii). The vertices of 13 are ordered pairs (a, x), where a is a vertex of 
/(2 and x is a vertex of H. Then the vertices on any induced C5 in 13 must have 
pairwise distinct second components. The latter vertices induce some C5 in H. 
Hence the convex closure of the given 5-circuit in 13 is easily seen to be Kz® C5. 
(ii) ::> (iii). If 13 contains any induced A2, B4, or 5-wheel, then there is some 
induced C5 in 13, the convex closure of which cannot be K2® C5, contrary to the 
condition on G. 
(iii) ::> (iv). First, suppose that we have an induced A3 in 13, say, C = s ~ t 
u ~ v ~ w ---> s plus a vertex x adjacent o s, u and v. Then, as Az and B4 are 
forbidden, every vertex being a second common neighbour for pairs of non- 
adjacent vertices in C serves either two such pairs (thence inducing an A3), or one 
such pair (thence inducing a B3). It follows that at least one of the pairs u, w and 
t, v is served by a B3. Without loss of generality we may assume that there is a 
vertex y adjacent o u, v and w. Then x and y must be adjacent, for otherwise 
s, t, u, y, w and x would induce an Az. But now x and w have s, y and v as distinct 
common eighbours, giving a contradiction. Hence A3 is not an induced subgraph 
of G. Now, since G contains an induced 5-circuit, 13 cannot be the product of two 
complete graphs. So, by Proposition 1, every neighbourhood in 13 is connected. 
Hence as 13 does not contain an induced B 4 we cannot have any induced Ca in 13, 
by Lemma 5. 
(iv) => (i). First, since C4 is not induced in 13, there is no induced Az, A3 or B4 
in 13. Second, since 13 contains an induced 5-circuit, 13 does not consist of a set of 
complete graphs all attached at a single edge, and 13 is not any /~ × Ko. 
Let u and v be adjacent vertices of G. If N (u) -  v = N(v) -  u, then, by Lemma 
10, we get (3= KE®H, and we are done. So let us assume that there exists a 
vertex t adjacent o u but not to v. From Proposition 1 we know that N(u) is 
connected. Furthermore, by Lemma 4, N(u) is a geodetic graph of diameter 2
(for, t and v are not adjacent). Since there is no induced 5-wheel in 13, there is no 
induced C5 in N(u).  Therefore, by our first lemma, N(u) contains a cut vertex x 
adjacent to all other vertices of N(u).  Hence N(u) -  x ~ N(x) - u. Finally, since G 
contains an induced Cs but no induced 5-wheel, there is no vertex in 13 adjacent 
to all other vertices, whence in view of Lemma 6 we must have N(u) -x  = 
N(x) -u .  And so, by Lernma 10, the graph G is of the required form. [] 
Now, compare Corollary 8 and Theorem 11: in either case C4 and just one 
other graph (viz. Ba and/(1 + Cs, respectively) is forbidden. By inspecting Figs. 1 
and 2 one can find various graphs with seven vertices (rather than six vertices) not 
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occurring in either K I+ H or K2®H. This 'mixed case' is treated in the following 
section. 
4. The  mixed case 
In so far as we have dealt with geodetic graphs H of diameter 2, it is desirable 
to have a common description of the interval-regular g aphs K1 + H and K2@H. 
This task is readily accomplished. 
Theorem 12. Let G be an interual-regular graph of diameter 2. Then either 
G = K1 + H or G = K2~H,  for some geodetic graph H of diameter 2, if and only if 
G does not contain C4 or the graph of Fig. 7 as an induced subgraph. 
Proof. Certainly the graphs K I+H and K2@H do not contain either C4 or the 
graph of Fig. 7. Conversely, suppose that these two graphs do not occur as 
induced subgraphs in G. Then, of course, the graphs A2, A3 and B4 are also 
forbidden. Now let u and v be any adjacent vertices of G. Recall that N(u)n  
N(v) is a disjoint union of cliques. In view of Lemmas 6 and 10 we may assume 
that N(u)\(N(v)O v) and N(v)\(N(u)U u) are not empty. We wish to show that 
N(u) n N(v) is connected, and hence is a clique. If some vertex x in N(u) n N(v) 
is not adjacent o any vertex in N(u)\(N(v)Uv),  then the second common 
neighbour (besides u) of x and any vertex in N(u)\(N(v)U v) must belong to 
N(u) n N(v) (because C4 is forbidden). Suppose that N(u) n N(v) is disconnected. 
Then choose vertices x and y from different components X and Y of N(u)n  
N(v). By what has been shown before, there is a vertex t in N(u)\(N(v)U v) 
adjacent to some vertex x' in X. Similarly, there are adjacent vertices y 'e  Y and 
w ~N(v) \ (N(u)U u). Note that t has just x' as neighbour in N(u)ON(v),  for 
otherwise we were in trouble with I(t, v). Pick a common neighbour s of t and w 
in N2(u) n N2(v). Then, however, s ~ t---> u --> v --~ w --> s together with x' and y' 
induce the graph of Fig. 7 (since C4 is forbidden), contrary to the hypothesis. 
Therefore, N(u)AN(v)  is indeed a clique. Note that for every vertex t in 
Fig. 7. 
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N(u)\(N(v) t3 v), the second common neighbour (besides u) with v must lie in 
N(u)NN(v) .  Consequently, every vertex in N(u) -N(v )  is adjacent to some 
vertex in the clique N(u) CI N(v). Since, by Lemma 4 and Proposition 1, N(u) is a 
geodetic graph of diameter 2, we infer from Lemma 3 that N(u) has a vertex z 
adjacent to all other vertices in N(u). Hence N(u) is contained in N(z). Therefore 
G is of the required form, by virtue of Lemmas 6 and 10. [] 
Corollary 13. Let G be an interval-regular g aph of diameter 2. Then the following 
conditions are equivalent: 
(i) G is either K I+H or K2®H, for some geodetic graph H of diameter 2, or 
K~ × K o, for some cardinals a, {3 >I 2. 
(ii) The convex closure of any induced C5 in G is either Kt+ Cs or K2®C5. 
Off) G does not contain A2, B4, or the graph of Fig. 7 as an induced subgraph. 
ProoL The implications (i)=~ ( i i )~  Clii) are evident. So, let us assume that (iii) 
holds. Recall from the proof of Theorem 11 that A3 is not an induced subgraph of 
G because A2 and B 4 a le  forbidden. Then, by Lemma 5 and Proposition 1, G is 
either some K~ x Ko, or C4 is forbidden. Now we conclude from the preceding 
theorem that (i) holds. [] 
We do not know whether in Theorem 12 and its corollary it is necessary to 
consider the graph of Fig. 7 in the case that G is finite. That is, we have the 
following problem: 
Problem 14. Is there any finite, interval-regular graph G of diameter 2 which 
contains the graph of Fig. 7 but not C4 as an induced subgraph? 
Finiteness is essential for this question: as we will see in the next section there 
are countably infinite counter-examples. 
5. The tree construction 
Let Go be an induced subgraph of a finite, interval-regular g aph G of diameter 
2. If G is the convex closure of Go, then G can be recovered from Go by 
successively 'filling up' intervals with vertices of G. Now, given such a graph Go, 
and forgetting its supergraph G, it is not even obvious how one should proceed 
successively so that after finitely many steps some interval-regular graph of 
diameter 2 is obtained. Thus one may ask the following question. 
Problem 15. Let Go be a finite (connected) graph such that any two non-adjacent 
vertices have at most two common neighbours. Does there exist a finite, interval- 
regular graph G of diameter 2 containing Go as an induced subgraph? 




If G is not required to be finite, then, trivially, the answer is in the affirmative. 
A pertinent construction is ready at hand. Let Go be as before, but neither 
interval-regular of diameter at most 2 nor any graph of Fig. 8. 
Suppose that we have already defined the graph Gk. Then Gk+l is obtained from 
Gk as follows. First, for each pair of non-adjacent vertices u and v of Gk having a 
unique common neighbour w in Gk, add a new vertex x, and make it adjacent o u 
and v. Second, for each pair of vertices p and q with d(p, q)>I 3 in Gk, add two 
new vertices y and z, and make them adjacent o p and q. Each time one is free to 
add edges wx and yz (see Fig. 9). In any case, the resulting graph Gk+l contains 
Gk as an induced subgraph, and no two vertices of Gk+x have more than two 
common neighbours. Finally, let G be the limit (that is, direct union) of the 
sequence Go, G1, G2, . . . .  Then, of course, G is an interval-regular graph of 
diameter 2 containing Go as an induced subgraph. Moreover, G is the convex 
closure of Go. Note that, by the choice of Go, G is always infinite. If, in addition, 
Go is trianglef:ree, then so is G provided that no edge of type wx or yz is ever 
added. On the other hand, if Go does not contain C4 as an induced subgraph, then 
neither does G provided that in each step all edges of type wx and yz are added. 
This shows that in Theorem 12 and Corollary 13 one cannot relax the condition 
and drop the graph of Fig. 7. 
y X 
Fig. 9. Ok+ 1. 
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6. Examples 
We have not yet shown that our results are best possiblemin the sense that no 
graph from any list of forbidden subgraphs may be omitted. To this end three 
examples are necessary (besides trivial ones). The first example is the 
Greenwood-Gleason graph (for a figure, see [1] or [3]). It is one of the extended 
odd graphs [4], which are interval-regular g aphs without 'small' odd circuits. In 
particular, the Greenwood-Gleason graph is the unique trianglefree interval- 
regular graph of diameter 2 that is regular of degree 5. It contains A2 (and also 
the Petersen graph) as an induced subgraph, but neither A3, B3, B4, nor the 
5-wheel. Furthermore, the convex dosure of any Cs is the whole graph. The 
Greenwood--Gleason graph thus shows that A2 cannot be dropped in either 
Proposition 1, Theorems 7 and 11, or Corollary 13. 
Next consider the graphs of Figs. 10 and 11. In either figure we have indicated 
a typical induced 5-circuit by black vertices. 
The graph of Fig. 10 contains C4, K4-e, As and B4 as induced subgraphs, but 
not A2, B3 or the 5-wheel. The convex closure of any induced 5-circuit is the 
whole graph. This graph shows that A3 cannot be omitted in either Proposition 1 
or Theorem 7. 
The graph of Fig. 11 contains C4,/(4-e, B3 and B4 as induced subgraphs, but 
not A2, A3, the 5-wheel, or the graph of Fig. 7. The convex closure of any 
induced C5 is the whole graph, and every neighbourhood is a path of length 3. 
Hence, by this example, B4 is necessary in the conditions of Lemma 4, Theorem 
11, and Corollary 13. 
There are, of course, many more interval-regular g aphs of diameter 2. In Figs. 
12 and 13 two such examples are given. 
The graph of Fig. 12 contains C4, K4-e, A2, Aa, Ba and B4 as induced 
subgraphs, but not the 5-wheel or the graph of Fig. 7. The convex closure of any 
induced C5 is the whole graph. 
The graph of Fig. 13 is obtained from K1 + Petersen by changing the position of 
5 edges. It contains Ca, K4-e, A2, A3, B3 and the 5-wheel, but not Ba or the 
Fig. 10. Fig. 11. 
W W W V 
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Fig. 12. Fig. 13. 
graph of Fig. 7. The convex closure of the outer 5-circuit is a wheel, and that of 
the inner 5-circuit is the whole graph. 
It would be interesting to describe further classes of interval-regular graphs of 
diameter 2 with the property that the convex closure of any induced 5-circuit be a 
fixed graph. As candidates for the latter could serve the graphs of Figs. 10, 11 and 
12. In fact, Elke Wilkeit and the first author of this paper have settled the case 
where the convex closures of induced Cs's are the graphs of Figs. 10 and 11, 
respectively. But there is still a lot more to do. 
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